We investigate the analytical representation of potentials of mean force (pmf) using the Morse/longrange (MLR) potential approach. The MLR method had previously been used to represent potential energy surfaces, and we assess its validity for representing free-energies. The advantage of the approach is that the potential of mean force data only needs to be calculated in the short to medium range region of the reaction coordinate while the long range can be handled analytically. This can result in significant savings in terms of computational effort since one does not need to cover the whole range of the reaction coordinate during simulations. The water dimer with rigid monomers whose interactions are described by the commonly used TIP4P model [W. Jorgensen and J. Madura, Mol. Phys. 56, 1381 (1985)] is used as a test case. We first calculate an "exact" pmf using direct Monte Carlo (MC) integration and term such a calculation as our gold standard (GS). Second, we compare this GS with several MLR fits to the GS to test the validity of the fitting procedure. We then obtain the water dimer pmf using metadynamics simulations in a limited range of the reaction coordinate and show how the MLR treatment allows the accurate generation of the full pmf. We finally calculate the transition state theory rate constant for the water dimer dissociation process using the GS, the GS MLR fits, and the metadynamics MLR fits. Our approach can yield a compact, smooth, and accurate analytical representation of pmf data with reduced computational cost. © 2013 AIP Publishing LLC.
I. INTRODUCTION
Calculation of free energy variations along a reaction pathway is one way of gaining insight into physical and chemical properties such as the stability 1, 2 of a complex, its chemical reactivity 3 or other physicochemical properties such as anesthetic potency, 4 or binding free energy. 5 In a reaction, the transformation from reactants to products implies a free energy difference that depends on the stability and reactivity of the substances involved, and it is related to the Potential of Mean Force (pmf). 6, 7 This pmf can be used to determine the reaction rate constant in the context of Variational Transition State Theory (VTST). [8] [9] [10] [11] [12] The rate constant k TST obtained via VTST will of course depend on the quality of the pmf. Thus, inaccuracies in the value of the pmf can greatly affect the values of k TST . 9, [13] [14] [15] Several levels of theory can be used to obtain the free energy profiles. These levels vary from ab initio potentials to semiempirical theories, together with classical Molecular Dynamics (MD) or even Path Integral Molecular Dynamics (PIMD). However, in all cases, a proper representation of the pmf is of critical importance in calculating k TST . Various authors have suggested approaches for obtaining smooth pmf curves using a representation of the pmf from weighted residuals. 16 Recently, Schofield and van Zon 17 have presented an extension of the Berg-Harris method 18 to construct a smooth pmf, radial distribution, and probability density. As well, Calvo 19 has applied Wang and Landau's uniform sampling method 20 to determine the potential of mean force associated with rotation about the dihedral angle of the butane molecule.
To obtain a well-behaved global representation of the pmf for weakly bound complexes, such as the water dimer considered in the present work, there are three major requirements. First, a proper account of the long-range interactions is needed. Second, the representation of the pmf should be compact. Finally, continuous lower-order derivatives of the pmf are required to facilitate the calculation of properties such as the reaction rate. In addition to these analytical requirements, a method with a low computational cost is also highly desirable. To fulfill these conditions, we have opted for the Morse/long-range (MLR) functional form 21, 22 because it is known to meet all the aforementioned requirements. 21 MLR functions were developed to represent potential energy surfaces (PES) in a highly accurate manner. The accuracy of this approach has been confirmed by their use in fits to high resolution spectroscopy experiments. The determination of highly accurate MLR PESs from fits to high resolution spectroscopic data has been essential for the success of several studies. [23] [24] [25] For example, the first molecular superfluid was confirmed based on Feynman path integral simulations using pairwise additive MLR pair potentials and infrared spectroscopy of doped hydrogen nano-clusters. 26 The use of MLR potential functions was also crucial in determining the proper shift behaviour of the asymmetric stretch vibration of CO 2 doped in helium nanoclusters 27, 28 where results based on an MLR potential have showed marked consistency with experimental results. Other applications of MLR functions have included the determination of the ground state potential and the dissociation energy of MgH, 23, 24 the potentials for the excited X 24, 25 as well as the potential energy functions for several other diatomic molecules. 29 In this study, we present the first application of the MLR form to the construction of a free-energy surface, as opposed to a potential-energy surface. The benchmark system under study is a water dimer made up of rigid monomers. Obtaining the pmf of the water dimer's dissociation reaction requires enhanced sampling of the phase space. Metadynamics 30, 31 will be used to obtain the pmf in the short-range region and to showcase the usefulness of our method. We emphasize here that our proposed approach only requires simulations to be performed in a limited range of the reaction coordinate as opposed to the full range as in traditional techniques. This means that a smaller computational effort is required in order to obtain a global representation of the pmf. An analysis of the form of the dipole-dipole and dispersion forces will be used to provide a description for the long-range behaviour of the free energy.
The structure of the paper is as follows. Section II summarizes the fundamental methodology of calculation used in this work. It includes a description of how the pmf is obtained using metadynamics. Second, the parameters in the Morse/long-range Potential used to fit the pmf and the theory behind the calculation of the long-range coefficient are described. Following this, a brief discussion of the calculation of k TST using VTST is presented. Finally, results are presented and discussed in Sec. III, and concluding remarks are provided in Sec. IV.
II. THEORY AND METHODS
As stated above, our goal is to test the utility of the MLR form for representing pmf data. The pmf is related to the free energy, A(ξ ), associated with a reaction coordinate ξ , and it depends on the reduced density distribution function ρ(ξ ). The pmf, w(ξ ), is then defined as
In this equation, w(ξ * ) and ρ(ξ * ) are arbitrary reference values. The reduced density distribution function corresponds to the following canonical average:
where U(x) is the total potential energy and x represents the configuration of the system. The quantity ξ ‡ [x] is the reaction coordinate function and depends on x. The above expressions are generic, and different choices of reaction coordinates will have different measure of integration (with associated Jacobian factor).
The reaction coordinate chosen for the present water dimer study is the distance, r, between the centres of mass of the two water monomers,
where r i is a vector representing the position of the centre of mass of a water monomer. This reaction coordinate is related to the one used by Doren and co-workers in an earlier work. 32 However, these authors used the distance between the centre of mass of one of the water monomers and the centre of mass of the dimer. A Jacobian factor of r 2 is associated with our choice of reaction coordinate.
An accurate sampling of the whole phase space is required in order to obtain the pmf over a wide range of values of the reaction coordinate. This requirement presents a possible complication, because dissociation of the water dimer is a rare event. The system remains trapped in a small region of the phase space, because the potential barriers it has to overcome to move to a different region are too high. Without enough sampling of the phase space, it is impossible to calculate an accurate pmf. Enhanced sampling is needed in order to overcome this barrier and explore the whole phase space. We used metadynamics 30 as our enhanced sampling method.
A. Generating potential of mean force data
The goal of metadynamics is to reconstruct the free energy surface of a system, taking as a starting point a coarsegrained description. This starting point is provided by a few collective variables that the user needs to choose depending on the process under study. From the starting point of the simulation, a positive Gaussian potential centred on this point of the trajectory is added to the real energy landscape of the system. The system is therefore "discouraged" from coming back to that region of the landscape, and is thus more likely to explore another region. Positive Gaussian potentials continue to be added in a history dependent manner, favouring the unexplored regions of the phase space. The sum of these Gaussian potentials added at intervals t G creates a biasing potential, whose expression at time t is
where w is the height of the Gaussians, δs is the width of the Gaussians, and ξ t = ξ ‡ (x(t)) is the value of the collective variable at time t.
This biasing potential will grow until the system explores the whole phase space. At that point, the sum of the biasing potential and the free energy becomes approximately constant as a function of the collective variable. From this sum, the free energy landscape can be recovered as the negative of the sum of all the Gaussians
It is also possible to calculate a numerically "exact" reference pmf for the water dimer via direct integration. We will term such a calculation our Gold Standard (GS). This pmf will be useful for a thorough study of the behaviour of the MLR fitting procedure. It will also serve as a reference to assess the quality of free-energy calculation methods such as metadynamics. The radial density function or probability distribution function, ρ(r), can be calculated as an integral over all of the Euler angles that describe the orientations of the two water molecules,
where i corresponds to the set of three Euler angles of molecule i, and U is the interaction potential. The 1 64π 4 factor corresponds to the total volume of the angular integrals. As defined, the above ρ(r) tends to unity as r tends to infinity since the interaction potential U vanishes. This choice of normalization of the radial density, ρ(r), will lead to a vanishing pmf in the limit of large r. This GS pmf will serve as a benchmark in the remainder of this paper.
B. Analytical representation of the potential of mean force: The Morse/long-range form
The representation discussed below is for dimer systems with a distance reaction coordinate. Generalization to multidimensional cases is possible, and a two-dimensional MLR fit to a PES with both radial and angular coordinates was performed in Ref. 28 .
Providing a good expression to represent a potential over the whole range of the reaction coordinate r (0 ≤ r ≥ ∞) is quite challenging. It is not trivial to find an expression that can reproduce both the long-range behaviour of a pmf and its behaviour at short distance. Our solution to this problem was to apply the Morse/long-range potential. In previous work, MLR has been demonstrated to be extremely successful for representing PESs. [21] [22] [23] [24] [25] [26] [27] [28] [29] Here, we propose to use the MLR for representing the pmf.
An MLR radial potential energy function has the form
in which D e is the well depth or binding energy, and u LR defines the attractive limiting long-range behaviour. β(r) is a slowly varying function that is written as a constrained polynomial, and y p (r) is a dimensionless radial variable that depends on the distance from the potential minimum r e :
The power p in the expression for this radial variable is a small positive integer, and is often set to be equal to the difference between the inverse power of the leading term (n) of the longrange function u LR and the inverse power of the first longrange term predicted theoretically, but not included explicitly in the definition of u LR .
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The reason for using this radial expansion variable in place of r itself is that it will always remain finite. Representing the MLR potential as a polynomial function of the internuclear distance r is not recommended, because any such function of r will approach ±∞ when r → ∞. However, the representation of the potential as an exponential function of this dimensionless radial variable behaves in a very different manner. The radial variable approaches finite limits of −1 and +1, respectively, as r → 0 and r → ∞ (see Fig. 1 that polynomial functions of these variables will approach finite values at these limits.
Dimensionless radial expansion variables also define the exponent coefficient function β(r),
in which β ∞ = ln
. The polynomial β(r) is also a function of a second radial variable,
and the structure of Eq. (9) constrains β(r) → β ∞ as r → ∞ and hence constrains V MLR (r) → u LR (r) at large r. This choice of dimensionless radial variables facilitates representing the exponent coefficient β(r) which is a slowly varying function of r. The parameter p has been defined before, and in this work, q was allowed to vary from 2 to 12 to explore the suitability of different models. From Eq. (7), we can see that the behaviour of the MLR potential is determined not only by the exponential term, but also by the pre-exponential factor,
. The long-range potential u LR (r) in the latter is normally described by a sum of inverse-powers terms,
in which the leading term C n /r n represents the principal interaction. The choice of the above term depends on the nature of the system under study.
In the present water dimer case, the long-range interactions are best described by an r −6 term,
This choice is justified in Sec. II B 1 below. Note that as the leading long-range interaction has an inverse power in r equal to 6, and since the first long-range interaction not included in this definition of u LR would have the inverse power in the coordinate equal to 8, the value of p, as discussed, will be
6 e r 6 (13) equals unity when r = r e and approaches ∞ when r approaches zero. In our fitting of the pmf to the MLR potential, we used values of r greater than a small cutoff value of 2.1 Å to avoid misbehaviour of the potential and its first derivatives at small distances. 33 1. The coefficient of the leading long-range term in the u LR function: C 6 C 6 is the long-range coefficient of the pre-exponential function u LR which defines the attractive limiting long-range interaction in Eq. (7). In the current study, we describe the interaction between the monomers in the water dimer using the rigid TIP4P model, 34 although our approach is general and could be applied to any interaction potential. The TIP4P model is a combination of a Lennard-Jones function and Coulombic potentials,
where OO and σ OO are the Lennard-Jones parameters for the oxygen atoms pair, r OO is the distance between the oxygens, q i and q j are the partial charges of any pair of atoms i and j, and r ij is the distance between them.
One can safely assume that the interaction u LR , which defines the long-range behaviour, will be orientation independent. Consequently, the Coulombic interaction of the two water monomers at long distance can be represented as a dipoledipole interaction that has been Boltzmann averaged over all orientations. The angular average of the free energy dipoledipole interaction is then
in which r is the distance between the dipoles, μ i is the dipole moment of the water monomer i in the TIP4P model assuming monomer equilibrium structure, o is the permittivity of vacuum, k B is the Boltzmann constant, and T is the temperature. Note that at long-range, the dipole-dipole free energy varies as 1/r 6 , and the quantity C 
The contribution that the Lennard-Jones part of the potential makes to the long-range behaviour must also be considered. This contribution is small compared to the angleaverage dipole-dipole interaction, but it is still large enough that it needs to be taken into consideration for the fine tuning of the pmf fitting. This need requires the total long-range potential to be the sum of the effective temperature dependent term ( 
The potential energy U LJ (r) and the free energy W LJ (r) have the same long-range behaviour, so we define
The above theoretical analysis can be used for a wide variety of dimer systems for which to long range contribution to the pmf can be deduced from monomer properties.
C. Variational transition state theory and the reaction rate
At this point, we have finally arrived at a representation for a smooth pmf, which can be continuously differentiated, and is ready to be used to calculate properties such as the reaction rate using VTST. The reaction rate constant according to TST is obtained from the expression
In this expression, k B is the Boltzmann's constant, T is the temperature, and A(r) is the Helmholtz free energy at a given value r of the reaction coordinate. The reaction rate constant calculated using this expression is always an upper bound to the true classical rate constant.
To obtain a variational rate constant k VTST , r = r † is determined as the distance at which the reactive flux is minimized,
III. RESULTS AND DISCUSSION
We now present results that show how the MLR approach can be used to obtain smooth and accurate potential of mean force curves over long distances without having to generate the pmf data over a wide range of distances. The water dimer, described with a TIP4P 34 model, is used to illustrate our general approach. The reaction coordinate corresponds to the distance between the centre of mass positions of the two water monomers. Results based on the fit of pmf data generated by direct integration are first presented as a way to benchmark the approach. The fitting procedure is then applied to the results of metadynamics simulations. 
A. Fitting the direct integration pmf to the MLR form
We have used Eq. (6) to compute the converged density ρ(r) at a series of temperatures, and a direct Monte Carlo scheme to evaluate this integral over the Euler angles of each molecule. Such an approach is possible because the volume of the angular integral is known and finite: 64π 4 . The solid circles in Fig. 2 are results obtained from the above Gold Standard calculation for T = 230 K, for the full range of r values; they serve as a reference when we assess the quality of our fitting procedure.
A particular model is defined by a set of values of the integers p and q and the order of the exponent polynomial N. For each such model, a nonlinear least-squares fit is performed using program betaFIT 37 to determine values of the N + 3 parameters: D e , r e , and β 0 − β N . As discussed above in Eq. (13) , in all these fits we set p = 2. The first series of fits of MLR functions to these points are based on data obtained from the GS approach for r values between 2.1 and 5.3 Å. The number of expansion terms, N, in the exponent coefficient (see Eq. (9)) is N = 3 for Fig. 2(a) and N = 4 for Fig. 2(b) . The range of q values is q = 2 − 12 for Fig. 2(a) and q = 2 − 9 for Fig. 2(b) . Values of q and N outside these ranges give potentials that have one of the following traits: (i) they have extra turning points, (ii) they have unnecessary β parameters (rounded values equal to zero), or (iii) they yield a poorer quality of fit.
The results in Fig. 2 clearly show that the agreement with the GS is excellent for a wide range of models. This agreement is the first indication of the ability of the MLR functions to represent pmf data.
The dimensionless root mean square deviation (dd) is the quantity that defines the quality of the fit, that is the ability of the calculated or fitted parameters to reproduce the data. It is defined as
In this equation, N is the number of experimental data points y obs (i), u(i) is the uncertainty in the point-i, and y calc (i) is the predicted value of that point. When multiplied by the average uncertainty, dd defines the average difference between the predicted values and the original data. The uncertainties of the GS data are shown in Tables S.I-S.IV of the supplementary material. 38 The dd of each fit is given in Tables I and II. All the dd values obtained using the MLR fits of the pmf data of the water dimer at T = 230 K are very close to one. Thus, the general quality of the MLR fits is very good, with very small changes between one fit and another, sometimes no changes at all. In this paper all the parameters have been rounded by the sequential rounding and refitting procedure of Ref. 39 . As stated before, the GS pmf data which the MLR function was fitted to ranges from 2.1 to 5.3 Å along the reaction coordinate r. This range was selected so that it would include the behaviour of the attracted well while omitting both the long-range interaction defined by the inequality (16) and the steepest portion of the repulsion wall. For this selection, we defined the long-range interaction asymptote as a zero in the pmf scale. Then, we selected only one point from the repulsive part of the curve with values of the pmf higher than zero to be included as input data in the MLR fit, leaving aside the rest of the repulsive wall.
We now turn our attention to the change in Helmholtz free energy with respect to a change in the reaction coordinate, −dA(r)/dr. This quantity can be used to predict rate constants using variational transition state theory (see Eq. (19) ). Values of −dA(r)/dr are obtained from the pmf using Eq. (20), and results are presented in Fig. 3 , based on pmf functions defined by the fits of Fig. 2 .
We first observe that the results are all very similar irrespective of the MLR model used, although the fits with N = 4 give slightly smaller values of dd. The insets show that the spread of values for different fits is of the order of 2% of the value of −dA(r)/dr at the minimum, r † . Since the VTST rate constant is proportional to −dA(r)/dr| r=r † (see Eq. (19)), we expect the MLR fitting procedure to introduce uncertainties of 2% into values of the rate constants. Figure 3 shows that q values such as 6, 7, or 8 can lead to −dA(r)/dr| r=r † values very close to the minimum value obtained from the GS reference. To illustrate this point, let us examine the behaviour of the radial variable y q (r) with different values of q. As discussed in Subsection II B, the behaviour of the radial variable will strongly influence the behaviour of any polynomial that depends on it. Thus, selecting the values of q that give a well-behaved y q (r) function is extremely important.
The plot of y q (r) at different values of the integer q is represented in Fig. 1 . From the plot we can see that, for small values of q, the radial variable is not able to explore its whole range [−1, 1] in the data region. Thus, the fitted polynomial may not lead to accurate extrapolation at long range since it will still be changing quite a bit outside the data region within which the MLR parameters are determined. However, larger values of q will lead to a better coverage of the range of y q (r) within the data region, while outside the data region, the radial variable will become almost "flat," and the polynomial fit will extrapolate in a more reliable way. It is worth noting, however, that a very large q value will lead to a stiff y q (r) coordinate, which is "flat" over a significant fraction of the data range. Such a stiff coordinate requires a higher-order polynomial to obtain a good fit, and will yield a more complicated model. Fig. 2 . The insets represent a magnification near the minima of the curves. The ideal gas result, labelled IG, is also presented.
We opt for a compromise and have empirically tested various choices of q. Our criterion for choosing the parameters is to have a simple model with few fitting parameters. This model is also required to yield physical results over a wide range of r values. To test this, we calculate the effective leading coefficient of the long-range polynomial C 
This expression is suggested because at long range any intermolecular potential behaves as
In this study, we describe the TIP4P water dimer preexponential MLR potential u LR as the single term shown in Eq. (12) . However, at long range, the exponential factor of Eq. (7) Then taking into consideration that p = 2 in all our models, the whole TIP4P water dimer MLR potential at long distance approaches
and as r → ∞ our C effec 6
(r) will have a limiting behaviour
With the help of C effec 6
(r) versus 1/r 2 graphs, we chose a model that yields a well-behaved and smooth function. Figure 4 (a) illustrates a number of possible choices. Models with big positive or negative extrema, as the functions approach r → ∞ (C 6 th in the ordinate), should be discarded because they display implausible unphysical behaviour. Notice that for the two different orders of the polynomial, the models converge from above and below to a common smooth shape as q becomes large. We take this common large-q limit to define our best recommended models. The label C 6 th in the graph represents the approximate position of the value of our theoretical C 6 calculated using Eq. (18) .
Results of GS calculations and MLR fits to the pmf function for T = 243, 273, and 303 K are shown in Figs. 5-7, respectively. As with the fits at T = 230 K, this set of MLR fits was obtained from the GS approach for r values between 2.1 and 5.3 Å. In this case, after doing the whole fitting analysis as before, we again found that optimum models were those with q = 6 − 8. Fits with N = 3 and N = 4, with q = 6 − 8 are presented in Figs. 5(a), 6(a), and 7(a) .
These figures clearly show that the agreement with the GS is again excellent, and that this agreement extend well past the domain of the points used in the fit. This time, a magnification of the fits and the GS in the region between 5.0 and 5.6 Å is shown in the inset of Figs. 5(a), 6(a), and 7(a) . As shown another, or no changes at all, given the general good quality of the MLR fits. We can now examine the variation in slope of the Helmholtz free energy dA(r)/dr along the reaction coordinate. In accordance with our previous findings, the results are similar for the different MLR models. As shown in the graphs, the spread of the values of −dA(r)/dr at the minimum, r † , is again of the order of 2%. Given that the rate constant is proportional to −dA(r)/dr| r=r † (see Eq. (19)), it is reasonable to predict that the model-dependence of the MLR fitting procedure will introduce uncertainties of approximately 2% for rate constants. With regard to agreement with the GS reference, in Figs. 5-7, one can see that the fits with N = 4 can lead to slightly better −dA(r)/dr| r=r † .
Thus, the MLR approach can produce a family of fits that yield consistent results over a range of temperatures. A summary of the MLR parameters for these cases is presented in Tables I and II, and Tables S.V -S.X of the supplementary material. 38 The curves C effec 6
(r) in the lower panels of Fig. 4 display the same behaviour observed at 230 K. We discuss below the application of MLR fitting to realistic pmf data obtained from MD simulations. 
B. Fitting the pmf from metadynamics to the MLR form
We now present free energy results obtained using a metadynamics approach. The metadynamics simulations are performed with a Langevin thermostat at T = 243, 273, and 303 K. The SETTLE 40 method is used to impose rigid bond constraints. The time step is 2 fs, the length of the simulations is 2 μs, and the files that track the variation of the pmf along the reaction coordinate are written every 20 ns. The software used to carry out these simulations was the scalable molecular dynamic package "Not (just) Another Molecular Dynamics program" (NAMD) 41 version 2.8. Results for T = 243 K are shown in Fig. 8 . The graph shows the pmf from "raw metadynamics" and the pmf obtained after fitting the metadynamics data to an N = 2 MLR form. It also shows the results of the GS calculation at T = 243 K (solid round points), and of the MLR fits to these data obtained using two different numbers of expansion terms in the exponential coefficient (see Eq. (9) with values of N ≥ 3 produce MLR β parameters with uncertainties ≥100%. Nevertheless, the agreement with the GS results is excellent. In all of these plots, a value of q = 6 was used. Table III presents the values of the MLR parameters for the metadynamics fits with different q values.
Any proper least-squares fit should weight the data with uncertainties which allow the data to be treated in a balanced fashion. However, metadynamics data are not accompanied by any natural intrinsic measure of their uncertainty, and we must impose a weighting scheme which will appropriately balance the very large positive values obtained for small r against the small negative (relative to the asymptote) values obtained for large r. To address this question, we have examined the pattern of the uncertainties associated with our GS results. The uppermost panel of ing a modified uncertainty for each point as the average of the magnitude of the relative uncertainties for three neighbouring points. After a careful numerical testing of the uncertainties in the GS data, we established that using a constant relative uncertainty for our metadynamics data yields better fits. A plot of the GS absolute u(i), relative (u(i)/pmf (i)) and "average" (u(i)/pmf (i)) uncertainties at T= 230, 243, 273, and 303 K is presented in Fig. 9 . From the graphs, it seems clear that a constant fraction relative uncertainty will be a sensible way of weighting the points relative to one another as a function of distance. The dimensionless root mean square deviations (dd) of the metadynamics fits using different MLR models with q = 6, 7, and 8 are given in Table III . In general, the dd values obtained from the MLR fits to the metadynamics results are smaller than the dd values obtained from the MLR fits to the GS. As stated, the dimensionless root mean square deviation (dd) is a measure of the average discrepancy between the original data and the predicted values, taking into account the average of the uncertainties of the data. In the metadynamics case, these better dd values in the MLR fits can mean that we overestimated the uncertainties. The variations of the slope of the Helmholtz free energy along the reaction coordinate, −dA(r)/dr obtained from the MLR fit of the GS, are a lower-bound of the calculations. Nevertheless, the agreement between the −dA(r)/dr for the GS fits and the metadynamics fits is remarkable despite the difference in calculation methods or choice of MLR models. Thus, the predicted rate constants will be very similar.
The same trend observed at T = 243 K continues with the increase of temperature to T = 273 K and to T = 303 K. Figures 10 and 11 illustrate the similarities between the "raw metadynamics" calculations, the MLR-fitted metadynamics pmf, the GS and the MLR-fitted GS. The five curves behave similarly despite the different fitting parameters selected. The −dA(r)/dr curves are also very similar, with the MLRfitted GS being always a lower-bound of the calculations. The parameters of the MLR fits for the metadynamics data at T = 273 K and T = 303 K are presented in Tables S.XI and S.XII of the supplementary material. 38 At T = 303 K, we present the parameters of the fits with N = 2 and N = 3 as well.
C. Obtaining the variational rate constant k VTST
As the VTST method specifies, we chose the minimum value of the reactive flux −dA(r)/dr at each of the temperatures used in this study. Following this, we calculate the variational rate constant using Eq. (19) .
The graph of the temperature dependence of the rate constant is shown in Fig. 12 . For comparison purposes, we selected three sets of data: the GS, one GS MLR fit with N = 4 and q = 6 and one metadynamics MLR fit with N = 2, q = 6. The figure illustrates the agreement between the three calculations, proving the suitability of the MLR approach for modelling free energy surfaces. Table IV lists the values of k VTST calculated with the three methods. Two separate TIP4P results at T = 230 K from Refs. 32 and 42 are presented for comparison. Our results differ significantly from those. In light of the excellent agreement between the present GS and metadynamics results, one could attribute this difference to insufficient convergence of the umbrella sampling approach used in Refs. 32 and 42. Such an error could in turn lead to an incorrect description of the long range free energy. Results from Ref. 43 are also given for reference but cannot be used for a direct comparison since they are based on a different interaction model and rate theory. 
IV. CONCLUDING REMARKS
In this work, we have successfully applied, for the first time the MLR function to model free energy surfaces. We have demonstrated the suitability of the MLR potential forms to accurately reproduce a free energy landscape exemplified by the TIP4P water dimer dissociation reaction. The MLR models have yielded results that are in excellent agreement with the "exact" Monte Carlo or GS calculations. This agreement can be seen in the small values of the dimensionless root mean square deviations (dd) and in the close agreement of the rate constant calculated by both methods.
We have also used an enhanced sampling simulation method called metadynamics to test our calculations. Metadynamics leads to very accurate kinetics, with values of the rate constant strikingly similar to the ones obtained by the GS calculations and the MLR-fitted GS calculations. The differences in the values of the free energy potentials obtained from the MLR-fitted GS and the MLR-fitted metadynamics methods are of the order of the sub kJ/mol (or sub quarter kcal/mol). The accuracy of our approach has been tested at several temperatures. The variation of the rate constants with the temperature shows an "Arrhenius"-like behaviour.
Our approach is general and can be applied to a variety of systems since the β(r) function that appear in the MLR form (Eq. (7)) can be chosen with flexibility. Recent results show that use of a spline function in the definition of β(r) and allows one to represent potentials with multiple minima. 44 One then needs to generate pmf data in the short range region of a dissociation reaction coordinate and then determine the long range nature of the interaction free energy based on monomer properties. Because pmf data only needs to be generated in the short-range region, significant reduction in computational cost can be achieved when comparing to approaches that require pmf data in the full range of interest. This information is then used to perform the MLR fit. The MLR-fitting software "betaFit" used in this study can generate a series of MLRfitted potentials that give apparently well-behaved functions. One has to select a model with the proper physical behaviour.
Note that MLR forms are not limited to one-dimensional reaction coordinates. The MLR approach has successfully been used to obtain fits to potential energy surfaces with three 27 and four 45 dimensions. Monomer flexibility can even be included in the MLR fit. 46 We therefore expect that it will be possible to fit multidimensional potentials of mean force with the MLR approach. We, however, anticipate that potential problems could be encountered when a barrier lies above the asymptote in a dissociating reaction coordinate. Further work will be required in that particular area. We point out that the direct Monte Carlo approach developed to generate the GS results can be used to obtain pmf data for a wide variety of rigid dimer systems. Work is also underway in this direction. Future work also includes applications to larger water clusters and protein-ligand complexes.
